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ABSTRACT

In the field of online sequential decision-making, we address the
problem with delays utilizing the framework of online convex opti-
mization (OCO), where the feedback of a decision can arrive with
an unknown delay. Unlike previous research that is limited to Eu-
clidean norm and gradient information, we propose three families
of delayed algorithms based on approximate solutions to handle
different types of received feedback. Our proposed algorithms are
versatile and applicable to universal norms. Specifically, we intro-
duce a family of Follow the Delayed Regularized Leader algorithms
for feedback with full information on the loss function, a family
of Delayed Mirror Descent algorithms for feedback with gradient
information on the loss function and a family of Simplified Delayed
Mirror Descent algorithms for feedback with the value information
of the loss function’s gradients at corresponding decision points.
For each type of algorithm, we provide corresponding regret bounds
under cases of general convexity and relative strong convexity, re-
spectively. We also demonstrate the efficiency of each algorithm
under different norms through concrete examples. Furthermore,
our theoretical results are consistent with the current best bounds
when degenerated to standard settings.
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1 INTRODUCTION

In modern society, a plethora of dynamic data has been generated
in multiple domains, including Internet records, financial markets,
consumer behaviors, and more. These data are revealed in a se-
quential manner and require rapid comprehension and updating.
Correspondingly, online learning systems [3, 8] need real-time
decision-making due to the continuous influx of new observational
data. The advent of large-scale applications, including but not lim-
ited to portfolio selection [14], online recommendation system [26],
proactive resource allocation [13], online web ranking [18], and
online shortest path planning [19], has generated substantial in-
terest in the field of online learning. Over the past few years, the
integration of convex optimization techniques [7, 9] has brought
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about a transformation in the design of online learning algorithms,
resulting in more efficient solutions and reliable theoretical analysis.
Therefore, online convex optimization (OCO) [30, 31] has emerged
as a powerful framework for modeling the problem of sequential
decision-making. For instance, in the context of portfolio selection,
the strategy of an online investment aims to maximize returns by
allocating the current wealth, without relying on any preconceived
statistical assumptions. OCO is performed in a sequence of consec-
utive iterations. At each iteration ¢, the agent (investor) selects a
decision x; from a closed convex set (optional investment strate-
gies) X C R™. After submitting the decision, the agent receives
information from the adversary regarding the loss function (market
behavior) f; : X — R and suffers an instantaneous loss (invest-
ment return) f; (x;). Due to the difficulty of attempting to maximize
absolute wealth in an adversarial market, our algorithm can only
maximize our wealth by comparing it to the returns achieved by
a relatively advanced investment strategy and optimizing accord-
ingly. The goal of the agent is to choose a sequence of decisions
x[r] = (%1, ..., xT) that minimizes the regret:

T T
Regr = ) filxt) = ) filx"),
t=1 t=1

where T is the time horizon, and x* = argmin, x Zthl fir(x) is
the optimal decision in hindsight. In other words, regret is the gap
between the cumulative loss of the agent and that incurred by a
given sequence of comparators.

The standard framework of OCO assumes that the agent has
immediate access to the information of the loss function f; before
making the subsequent decision at iteration ¢ + 1. In many practical
scenarios, there exists a temporal gap between the decision-making
process of the agent and the reception of the corresponding feed-
back. As an example of portfolio scenarios, it is typical to encounter
unknown delays between making an investment and receiving re-
turns, and the return cycles for different investments could also be
asynchronous. Two variants of standard Online Gradient Descent
(OGD) algorithm [15, 20], namely Delayed Online Gradient Descent
(DOGD) algorithm [29] and Delayed Online Gradient Descent for
Strongly Convex functions (DOGD-SC) [32], have been specifically
designed to address the challenge of unknown delays in general
convex and strongly convex functions, respectively.

However, these existing algorithms [29, 32] that solely rely on
gradient feedback and Euclidean norm are not well-equipped to
handle more universal scenarios competently. Firstly, in the online
setting, adversaries who provide feedback to the agent typically
withhold prior disclosure of the information type. Consequently,
these gradient-based algorithms become ineffective once the feed-
back provided is not in the form of gradients.
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Secondly, gradient descent-based algorithms may face challenges
when computing projections efficiently for certain objective func-
tions and constraint domain sets. As an example, let’s consider
the constant-rebalanced portfolio (CRP) consisting of n stocks, the
portfolio decision is represented by a probability distribution over
the set of n stocks. Computing the Euclidean projection onto the
probability simplex could be computationally expensive.

Last but not least, theoretical analysis typically involves decom-
posing regret into a normal term caused by optimization steps and
a delayed term caused by delayed feedback. The delayed term we
have established encompasses the dual norm of gradients, which ac-
tually live in the dual space, that is a distinct space from the primal
space of decisions. The reason why these gradient-based delayed
algorithms work effectively is that, in the specific case, the dual
space coincides with the primal space. But, it is a very particular
case that arises when the Euclidean norm is utilized. Instead, in
universal cases, decisions and gradients exist in separate spaces.

Given the limitations of existing algorithms, in this paper, we
propose three families of approximate algorithms based on types
of the received feedback information. Particularly, in the universal
space, we have specifically designed diverse regularization func-
tions for different norms. These regularization functions quantify
the divergence between variables in the primal and dual spaces and
enable the mapping between these two spaces. For example, when
it comes to efficiently handling the probability simplex problem, a
common strategy is to employ the negative entropy function. In
high-dimensional optimization tasks like image or speech process-
ing, the utilization of the L1 norm plays a crucial role in feature selec-
tion. By adjusting the parameter p within the range of 1 and 2, one
can explore the impact of the p-norm and fine-tune the optimization
approach accordingly. Furthermore, we conduct an approximate
solution in the optimization step, wherein the decision-making
process in each iteration is guided by an approximate minimizer
rather than an exact minimizer of the optimization problem. This
approach is commonly utilized in iterative optimization problems
because it is often impractical to achieve solutions with infinite
precision.

Our contributions are summarized as follows:

o Firstly, we propose three types of online algorithms to han-
dle delayed feedback. Our theoretical analysis differs from
gradient descent-based algorithms as it involves addressing
universal norms and approximate solutions, which poses a
challenge.

e For the full information feedback of loss functions, we pro-
pose a family of follow the delayed regularized leader algo-
rithms to handle the general convex functions and relative
strongly convex functions, respectively. Notably, we replace
the conventional concept of strong convexity with the more
general notion of relative strong convexity.

e For the gradient information feedback, we introduce a family
of delayed mirror descent algorithms. Moreover, we show-
case the versatility and superiority of our proposed algo-
rithms by applying them to examples with various norms.

e When feedback is limited to the value information of loss
functions’ gradients, we introduce a family of simplified
delayed mirror descent algorithms. we demonstrate that
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despite the reduced amount of information obtained, it can
achieve regret bounds comparable to those obtained with
full information or gradient information.

Organization. We mention the existing work related to our pa-
per in Section 2. In Section 3, we introduce the formal definitions,
assumptions and examples. In Section 4, we present a family of
follow the delayed regularized leader algorithms based on full in-
formation feedback for both general and relative strongly convex
cases, and also provide examples to illustrate their performance.
In Section 5, we utilize the delayed gradient information to design
a family of delayed mirror descent algorithms. In Section 6, we
develop a family of simplified delayed mirror descent algorithms
that can handle situations where feedback is reduced to the value
information of loss functions’ gradients. We end off the paper with
the conclusion and future work in Section 7. Additionally, we pro-
vide the numerical simulations and a detailed theoretical analysis
in the appendix.

2 RELATED WORK

2.1 The Standard OCO

When d; = 1 for each t € [T], our problem is degenerated to the
standard framework of OCO [10, 31]. In the context of OCO, the
type of feedback received by the agent is a crucial aspect in the
development of online learning algorithms. When the feedback con-
sists of the full information of loss functions, a natural approach is
to select the decision that optimizes the loss history for all previous
iterations, i.e., X;41 = arg minxeXZ;zl fr(x), commonly known as
the Follow the Leader (FTL) algorithm [1, 31]. Furthermore, to en-
sure stability and prevent oscillations between decisions, the Follow
the Regularized Leader (FTRL) algorithm [24, 28] selected the deci-
sion that minimizes the sum of previous losses and an additional
regularization term i with a learning rate n; as follows:

t
Xt41 = arferﬁin {; Je(x) + %IP(X)}, 1)

When the revealed feedback is in the form of gradient informa-
tion of the loss function, a helpful way to understand the algorithm’s
performance is to perceive it as minimizing a local estimate of the
original loss function. By the definition of convexity, a linear bound
for the function f; around x; could be constructed by

Vx € X, fr(x) = fo (x1) + (Vi (x1), x — x1).
Unfortunately, the direct minimization of a linear function may not
lead to an effective online algorithm since the minimum of a linear
function can approach negative infinity over unbounded domains.
This issue could be addressed by confining the minimization of the
lower bound within a specific neighborhood of x;. Online Mirror
Descent (OMD) algorithm [6, 16] achieved this by utilizing the
Bregman divergence, as illustrated below:

X;41 = arg min {(Vft(xt),x) + %Bw(x; xt)} . (2)

xeX
Both FTRL and OMD have been shown to obtain regret bounds
of O(VT) and O(InT) for general convex and strongly convex
functions, respectively. Notably, when the regularization term is
specified as ¥ = %H - ||2, OMD is equivalent to the well-studied
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projection-based OGD [4, 35], which employed the following update
rule: x;41 = I x(x; — n:Vfi(x:)), where I1x(+) is the Euclidean
projection onto the closed convex set X.

Despite the extensive research on standard OCO algorithms,
the practical issue of delayed feedback has not been adequately
addressed.

2.2 The Delayed OCO

For the scenario where all delays are fixed and known, i.e., d; = d
for each t € [T], the seminal work of [33] addressed this issue
by dividing the total T iterations into d subsets and maintaining a
base algorithm on each subset. By utilizing the standard OGD algo-
rithm as the base, [33] achieved an O(‘/E) regret bound for gen-
eral convex functions. [36] investigated the same delayed case and
demonstrated that incorporating delayed gradients during each gra-
dient descent step in the standard OGD algorithm also yields regret
bounds of O(‘/ﬁ) and O(dInT) for convex losses and strongly
convex functions, respectively.

Moreover, [23] extended the approach proposed in [33] to handle
a more challenging scenario where delays are arbitrary but time-
stamped and achieved a regret bound of O(VdT), where d denotes
the maximum delay. In a similar vein, [22] employed the one-point
gradient estimator [17] to introduce a comparable approach for the
bandit setting.

In the most general delayed case, where each feedback could
be delayed arbitrarily and the time stamp of each feedback could
also be unknown. [27] presented a data-dependent regret bound
for the delayed setting, assuming the decision set is unbounded.
The celebrated work [29] proposed an effective method named
DOGD and obtained a regret bound of O(+/Dr), where D is the
cumulative delays. DOGD, given by

xee1 =y [xr — e Z V(x|
keF;:

needs to query the gradient at each iteration t and update the deci-
sion with the sum of those gradients queried at the set of iterations
Ft. [25] proposed DBGD, which employed an (n+ 1)-point gradient
estimator [2] to approximate gradients in the bandit setting. [11]
expanded [29] to the decentralized optimization over a network.
[32] adopted a time-varying learning rate connected with the total
number of observable feedback to address the delayed optimiza-
tion problem with strongly convex loss functions and obtained an
O(dInT) regret bound.

To date, most studies on delayed OCO have relied on the Eu-
clidean norm to measure the distance between the decision points.
However, it is unclear whether these algorithms can be extended to
accommodate other types of norms. This paper gives an affirmative
answer by proposing three families of FTDRL, DMD and SDMD
algorithms.

Compared to the previous delayed gradient descent-based al-
gorithms, our proposed algorithms exhibit advancements in the
following aspects. Firstly, we introduce three targeted algorithms
that address different types of feedback related to function infor-
mation, gradient information, and value information, respectively.
Secondly, our algorithms are grounded on universal norms, instead
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of a specific Euclidean norm, and demonstrate superiority across
diverse examples. Thirdly, we employ an approximate solution
approach for each optimization problem.

3 FORMAL NOTATIONS

First, to provide a more concrete definition of the delayed setting,
we introduce the following notation. Let d; € Z* denote a non-
negative integral delay at iteration ¢. At the end of iteration t+d; — 1,
the feedback queried at iteration ¢ is received and can be used
in iteration t + d;. In the standard setting, where there are no
delays, d; = 1 for all . We denote the set of iterations that receive
feedback at the end of iteration t as ;. The maximum delay and
the total delay (up to iteration T) are denoted by d = max;c[7] d;
and Dy = Zthl dy, respectively.

In this paper, we denote the n-dimensional real vector space
equipped with an inner product (-, -) and a norm || - || by R". The
dual norm of || - || is defined as ||x||x = supyeRn:”y||S1<x, y) for
each x € R™. We use the notation X C R” to denote a closed
convex set and {f; : X — R};>1 to denote a sequence of convex
loss functions. Moreover, let 7 : 9 — R be a convex function such
that it is differentiable in its non-empty interior D° := int D and
such that we have X € D°.

DEFINITION 1. For a convex function f : X - Randx € X, a
vector Vf(x) € R" is the gradient of f at x, then V f(x) satisfies the
inequality

Vye X, f(y) 2 f(x) +(Vf(x),y - x).

DEFINITION 2. The Bregman divergence with respect to function
Y is given by

Vx € D,y € D°, By (x;y) = Y(x) — ¥ (y) — (V¥ (y). x - y).

AsSUMPTION 1. The primal norm of the decision is bounded by R
and the dual norm of the gradient is bounded by Gy, i.e.,

Vx € Xt € [T],[lx]| < R IVfi(%)]lx < Gx.

AssuMPTION 2. The regularization function  has Gy, -Lipschitz
gradients on the set X, i.e.,

Vx,y € O, ||V (x) - VY (@)llx < Gyllx —yll.
For convenience, we make GW = EGy.

AsSUMPTION 3. The regularization function i is o-strongly con-
vex over D with respect to a norm || - ||, i.e.,

o o
Vx € D,y € D°, By(xy) = E||x—y||2.

DEFINITION 3. (Relative strong convexity) If the loss function f;
is y-strongly convex over X with respect to a convex and differentiable
function i, then,

Vx,y € X,t € [T], fi(x) - fi(y) —(Vfe(y), x —y) > yBy(x;y).

A noteworthy instance of relative strong convexity occurs when
we select /(x) = %||x||2, and the classical strong convexity defini-
tion with respect to the Euclidean norm is recovered.

To showecase the effectiveness of our algorithms when applied to
different norms, we provide the following examples, each of which
corresponds to a distinct domain and regularizer. The choice of the
regularizer is primarily determined by its strong convexity with
respect to a particular norm.
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Algorithm 1 Follow the Delayed Regularized Leader for General
Convexity

Algorithm 2 Follow the Delayed Leader for Relative Strong Con-
vexity

1: Input: both n and x; depend on the choice of example
2. fort=1,...,T do

3 Query f; and receive feedback {f : k € 7}

4 if |F¢| > 0 then

5: Make an approximate solution xy41:

¢

¢ %
2, 2, e+ I/I(XTM) <D D fi+ '¢(yr;+l‘) +pr,

r=1ke¥; r=1ke¥;

where y;l = arg min {Z;zl YkeF fi(x) + %tﬁ(x)}
xeX

else
Xi+1 = Xt
end if
end for

Y P N

ExaMPLE 1. In the Euclidean space, we consider X € R" and
Y(x) = %||x||§ Note that the dual norm of || - ||2 is itself, and
By(xy) = %Hx - y||§ Moreover, Y/(-) is 1-strongly convex with
respect to norm || - |2 over X. We assume that ||V f; (x)||2 < G2 and
lx|lz2 < Rz foranyx € X, t € [T].

EXAMPLE 2. In the probabilistic simplex, we consider X = {x €
RY «lxlly = 1} and (x) = X)), x) Inx¥) +1nn. The dual norm
of | - l1 is || - llco- Note that y(-) is 1-strongly convex with || - ||1. We
assume that ||V (x)||ec < Geo foranyx € X,t € [T].

EXAMPLE 3. In the case of p-norm, we consider J(x) = %||x||12,

1
over X € R", where ||x||p = (ZZ=1 () IP)p and 1 < p < 2. Note

that the dual norm of || - |lp is || - llg, where ‘% + ‘l] =1 y() is
(p — 1)-strongly convex with respect to the norm || - ||,. We assume
lxllp < Rp and [|[Vfi(x)|lq < Gq foranyx € X, t € [T].

4 FOLLOW THE DELAYED REGULARIZED
LEADER

When an agent has access to the full information of loss functions
at each iteration, the FTRL algorithm is a commonly used approach.
Motivated by the standard FTRL algorithm presented in Eq. (1),
which does not incorporate delays, we replace the standard history
from beginning to iteration t with the outdated history of revealed
loss functions in the iteration set {¥; : 7 € [t]}.

4.1 Sublinear Regret for General Convexity

When the loss function is general convex, we propose a Follow
the Delayed Regularized Leader for General Convexity (FTDRL-
GC) algorithm. The detailed update procedures are summarized in
Algorithm 1. The optimization problem arising in our algorithm
is only required to be solved approximately (up to an additive
error p;). This is commonly observed in iterative optimization
problems, since in general they cannot be solved exactly. Moreover,
approximating the optimization problem induces a sequence of
errors that complicates the regret analysis of the algorithm.

By setting a constant learning rate, the regret bound is formally
stated in the following theorem.

1: Input: make an arbitrary decision x; € X
2: fort=1,...,T do
3 Query f; and receive feedback {f : k € 7}
4 if |F¢| > 0 then
5: Make an approximate solution x;41:
t t

D K <D0 filyi) +on

=1keF; =1keF,;
where y;‘H = argn{\l)in {25:1 YkeT, fk(x)}
X€E

6 else

7 Xt+1 = Xt
8: endif

9: end for

THEOREM 1. Under Assumptions 1 and 3, let the maximum ap-
2
15 vt [T], Algorithm 1 satisfies

80 >
< nG3(T +4Dr) L VE) =Y
o n

proximate error py =

RegT

Proor. For convenience, we set ®; ;, (x) = Z;;ll 2ser, fs(x) +

Zseﬁk fs(x)+fr (x)+%¢(x) and @p(x) = %W(x). At each iteration
t in FTDRL-GC, for each k € ¥;, we view the update process as
|F¢| segments as

Dr iy (xti+1) < Dy (yzikﬂ) + Ptig> y);,ik+1 = arg mind; ;, (x),
xeX

where iy = [T k|, Frp = {s € F1 : s < k}. Additionally, we make

Xt0 = Xt Xrs1 = Xp | and pro = pt, Pre1 = Pt T |- The total
regret bound can be divided into two parts.

T T
Regr = ) [fix0) = i) = ) D [fieloer) = fie(x")]
t=1

t=1keF;

T
t=1

T
D i) = fielxD+ D0 > [felxio) = fieleip)] -
keF;

t=1keF;

normal term delayed term

®)

For the normal term of Eq. (3), we have the following lemma.

LEmMA 1. Under Assumptions 1 and 3, the normal term of Eq. (3)
is bounded by

T
> 2 Uloea) = fule)] = 2762+ Lyt ~ vl (@)

=1 KeT, g

Next, we discuss the delayed term of Eq. (3), we have

T T
D0 ) = filxeid] < D7 D" Gallage = xei

=1keF; =1keF;
T t—1

<TGk D0 D Wi —xeill+ D i — x|
t=1 keF; =k s€ F, SEFrk

©)
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The crucial factor impacting the bound of the delayed term is
the gap between x; ;. and x7; +1.

LEMMA 2. Under Assumptions 1 and 3, for each t € [T],k € ¥,
our FTDRL-GC algorithm ensures that

et ip+1 = x,ie |l < . (6)

Substituting Eq. (6) into Eq. (5) gives

GD
ZZ SieCGeg) = fie(xe3,.)] < 4’7 L (7)

t=1keF;

The last inequality is derived from the following lemma.

LEMMA 3 ([29]). The summation terms of the delay satisfy

ZT: Z (§|Tr|+l7‘},k|) < 2Dr.

=1 keF; \r=k

Combining with Eq. (4) and Eq. (7) gives the result of Theorem 1.
m]

Intuitively, the regret bound in Theorem 1 is likely to be influ-
enced by the specific characteristics of different examples (i.e., the
choice of learning rate 1 and initial decision x; based on the nature
of specific regularization function). To illustrate this point, we give
the following corollary.

CororLARY 1. Applying FTDRL-GC to Example 1 withx; =0 € X

andn = %Jﬁ yieldsRegr < GoRy\/2T + 8Dy

Applying FTDRL-GC to Example 2 with x1 = [% . %] e R}

andn = 5/ T+4£) yields Regy < 2Gooy/(T +4D7) Inn.

Applylng FTDRL-GC to Example 3 with x; = 0 € X andn =

R, 2T+8D
GP‘,2T+8D yields Regy < RyGq ; L

We can naturally employ the doubling trick [12] to address the
scenarios where the values of Dt and T are unknown. This tech-
nique also guarantees that the maximum permissible errors in the
approximate solution continuously decrease from their initially

larger values.

Remark. When utilizing the Euclidean norm with regularizer ¢(x) =
%||x||§, the results achieved are comparable to those obtained in
the DOGD algorithm [29]. However, in the case of the probabil-
ity simplex, we can achieve a regret bound of O(Geo+/Dr Inn). In
contrast to the DODG algorithm applied in this scenario, which
yielded a regret of O(G2VDr), for the worst-case scenario (i.e.,
Gy = YnGeo). We transforming the dimension dependency from
Vnto Vinn. Additionally, our regrets match the regime of standard
FTRL [24] when considering d; = 1,Vt € [T].

4.2 Logarithmic Regret for Relative Strong
Convexity

[21, 34] have shown that the non-delayed FTL algorithm without

any regularization function achieves logarithmic regret in the case

of relative strong convexity. Inspired by these works, we propose a

Follow the Delayed Leader for Relative Strong Convexity (FTDL-

RSC) algorithm in the presence of delays and formally outline the
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update procedures in Algorithm 2. At each iteration ¢, we directly
minimize the outdated history over the iteration set {7 : 7 € [t]}.
Compared with previous delayed algorithm [32], our FTDL-RSC
algorithm possesses several advantages in three aspects. Firstly, we
are capable of computing an approximate solution for each decision.
Secondly, we can handle universal norms. Thirdly, we do not need
prior knowledge of the modules of relative strong convexity.

We establish the following theorem and corollary regarding the
regret bound of Algorithm 2.

THEOREM 2. Under Assumptions 1 and 3, let the maximum ap-

2n2
Szlg—lg}*lw, Vt € [T], Algorithm 2 satisfies
3dG2
< (1+1InT).
oy

proximate error py =

RegT

Proor. In the case of relative strong convexity, the regret of
FTDL-RSC is divided by

T T
Regr = > [filxr) = e+ Y " [fieler) = fie(xo)]

t=1ke¥F; t=1keF;

normal term delayed term

®)

For the normal term of Eq. (8), we have the following lemma.

LEmMA 4. Under Assumptions 1 and 3, the normal term of Eq. (8)
is bounded by

dGz(l +lnT)
Z D7 i) - filx)] < )

t=1ke¥F;

Next, we analyze the delayed term of Eq. (8).

T T
D Ulx) = i) < D7 " (Vfielxge), 3 — x

t=1 ke t=1 ke,

; t t (10)
<33 6w anm—xfn <dG*Z||xt+l—xt||

t=1keF; =k

The last inequality holds because d is the maximum delay.
Here, we discuss the difference between x; and x;41.

LEMMA 5. Under Assumptions 1 and 3, for eacht € [T], our FTDL-
RSC algorithm ensures that

3 |%:|Gx 1 |F-11Gx

lloceen — xell < - + ooz . 11
23 Py 25 ey (Y
Substituting Eq. (11) into Eq. (10) gives the delayed term.
2dG> (1 +1n T)
Z DUl - fille)] < —2———. (12)
t=1ke¥F;

Combining with Eq. (9) and Eq. (12), we obtain Theorem 2. O

COROLLARY 2. Applying FTDL-RSC to Example 1 gives Regr <
3“’62 (1+1InT).

3dG

Applymg FIDL-RSC to Example 2 gives Regr < = (1 +InT).

Applying FIDL-RSC to Example 3 gives Regy < (1 +InT).

y(p—l)
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Algorithm 3 Delayed Mirror Descent for General Convexity

Algorithm 4 Delayed Mirror Descent for Relative Strong Convexity

1: Input: both 7 and x; depend on the choice of example
2: fort=1,...,T do
3 Query Vf; and receive feedback {Vf; : k € 7}

4 if |F;| > 0 then
5: Xt0 = Xt
6: for k € #; do
7: Make an approximate solution x; j, +1:
1
(Vi (i), Xpiga1 ) + EBw(xt,ikH;xt,ik)
1
< <ka(xl‘,ik)’y::,ik+1> + EBlﬁ(yzik+1;xt,ik) + Pt
where y: i1 = T8 min {(ka (i), x) + %Bw (x; xt,ik)}
’ xeX
8: end for
9: Xt+1 = Xt | 77|
10: else
11: Xt+1 = Xt
122 endif
13: end for

Remark. Above reveals that when applying the Euclidean norm
with the regularization function y(x) = %||x||2, our FTDL-RSC
achieves regret bounds that match those of the DOGD-SC algo-
rithm [32]. However, in comparison to directly applying DOGD-SC
to the probability simplex scenario, our approach, which utilizes
an entropic regularization function, leads to an improved depen-
dency of the regret bound from Gz to Ge. Furthermore, assuming
dy = 1,¥t € [T], our findings align with the regret bound of the
non-delayed FTL algorithm [34] for relative strong convexity.

5 DELAYED MIRROR DESCENT

When the feedback available is the gradient information of the
loss functions, we develop a family of delayed mirror descent for
the general convexity and relative strong convexity, respectively.
Motivated by the standard OMD formulation given in Eq. (2), we
replace the gradient {Vf;} with the gradient set {Vf; : k € 7;} at
each iteration ¢ for updates.

5.1 Sublinear Regret for General Convexity

Here we propose a Delayed Mirror Descent for General Convexity
(DMD-GC) algorithm. The detailed procedure is summarized in
Algorithm 3. The update process is divided into || segments and
a fixed learning rate 7 is utilized. The index iy = |%; | denotes
the position of iteration k in set ¥; where ¥ = {s € 7 : s < k}.
Similarly, each decision is made based on an approximate solution.

We establish the following theorem regarding the regret bound.

THEOREM 3. Under Assumptions 1, 2 and 3, let the maximum

3
approximate error py ;, = 2=,Vk € Fy,t € [T}, Algorithm 3 satisfies

20’
B N(GET + 8ERG4T + 2nGyx T + 4G Dy + 871Gy Dr)
- 20
2n26G2Dr  By(x*;x
Lo £GADy . y( 1).
o2 n

Regr

1: Input: n; = , make an arbitrary decision x; € X

1
¥ -t |77
2: fort=1,...,T do
3= Query Vf; and receive feedback {Vf; : k € 7}
4 if |F¢| > 0 then

5: Make an approximate solution x;41:

1
Z (Vi (xt), xt41) + — By (xe415x1)
keF; Nt

* 1 *
< D (VA i) + — By (Y %) + prs
keF: it

wherey;, | = argr;in {<Zke7:t ka(xt),x> + ”%Bw(x; xt)}
xe

6: else

7: Xt+1 = Xt
8: endif

9: end for

Proor. The total regret bound is divided by

T T
Regr = > [filxri) = file)+ Y " [ficlxr) = fielxnip)]

t=1keF; t=1keF;

normal term delayed term

(13)
For the normal term of Eq. (13), we have the following lemma.

LEmMMA 6. The normal term of Eq. (13) is bounded by

T 2 *,
A . nT(G2 + 8ERGy +2nGy) By (x™;5x1)
; k;‘f, Ui (i) — fie(x9)] < = r
(14)

Next, we discuss the delayed term of Eq. (13).

T T
D0 i) = filari)] < 30D (Ve xe = xeiy)

t=1ke¥F; t=1ke¥F;
T t-1

<D Gk [ D0 D it = xei M+ Y e = x|
t=1 keF,; =k s€ F, SEFrk

(15)
According to the above result, the challenge lies in the gap between
xz,i; and Xz ;41

LEMMA 7. For eacht € [T],k € ¥, our DMD-GC algorithm
ensures that

G +2n%  1?&G
Iint — p || < TP TG (16)
o o
Substituting Eq. (16) into Eq. (15) gives

T

Z Z <Vf}<(Xk),Xk - xt,ik> < ZDTG*

t=1ke¥;

nGx +2n% &Gy
+
o 2

o

(17)
Combining Eq. (14) and Eq. (17) yields the result of Theorem 3. O
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The regret bound specified in Theorem 3 depends on the distinc-
tive properties of the regularization function ¢ and its domain. For
instance, we provide the following examples with different norms.

COROLLARY 3. Applying DMD-GC to Example 1 withx; =0 € X

\/ 7Dy gives Regy < GpRoVT +4Dr + 4ER5NT +

andiy =

26R% +
Applymg DMD-GC to Example 2 with x1 = [ e n] e R} and

n= & TZJED” givesRegy < Goo/2(T +4D7) Inn+4&V2T Inn+

4Inn + 19000,
Applying DMD-GC to Example 3 with x; = 0 € X andn =

42 R SRZ
gp,lT‘f_‘}D givesRegy < Rqu,/THDT +4&R ‘/ E

Remark. With access to gradient feedback, the regret of DMD-GC
aligns with our FTDRL-GC which utilizes the full information of
loss functions. If we assume d; = 1,Vt € [T], our results match the
ones achieved in the standard non-delayed OMD algorithm [16].

5.2 Logarithmic Regret for Relative Strong
Convexity

When dealing with functions that exhibit relative strong convexity,
we introduce a new algorithm called Delayed Mirror Descent for
Relative Strong Convexity (DMD-RSC) and outline its steps in Al-
gorithm 4. There are two key differences between this algorithm
and the one used for general convexity. Firstly, we perform a sin-
gle mirror descent operation on the sum of gradients in the set
{Vfx : k € F;}. Secondly, since a constant learning rate cannot
take advantage of the relative strong convexity of loss functions, we
m that is determined

by the total number of observable feedback.
We establish the following theorem regarding the regret bound.

use a decreasing learning rate n; =

THEOREM 4. Under Assumptions 1, 2 and 3, let n; = W
=1 T

and maximum error p; = Z—’ Vt € [T], Algorithm 4 satisfies

(3dG2 + 8¢RGx)(1+1InT)  6dG, 2dEG2
+ +

RegT < 2 2

20y oy o?y

Proor. Here, the total regret is divided by

T T
Regr = > > [filxe) = fix)+ > > Ufilw) = fielxo)]

t=1ke7; t=1 ke,

normal term delayed term

(18)

For the normal term of Eq. (18), we have the following lemma.

LEMMA 8. The normal term of Rq. (18) is bounded by

T 2
. (dG3 + 8ERGx)(1+InT)  2dGy
;k;%[fuxn—ﬁc(x ) < 2oy e
(19
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Next, we discuss the delayed term of Eq. (18).

T T t—1
PONIACAEIENI EDIDY Z[fkm) ~ fiCxes)]

t=1keF; t=1 ke'f, =k
T k+di—1

> Z Gullx, - xf+1||<dZG*||xt xeall.
t=1ke¥; 1=k

(20)
The crucial step is to compute the gap between x; and x441.

LEMMA 9. For eacht € [T], our DMD-RSC algorithm ensures that
Ne|Fe|Ga +n? + 1%, . n?_ Gy

o o

llxr = sl < (21)

Substituting Eq. (21) into Eq. (20) and making n; = m
gives -
T 2 2
dG5(1+InT) 4dG 2dEG
D0 Ul - filxn)] < —= ok
ay oy oty

t=1ke7;

(22)
Considering Eq. (19) and Eq. (22) together yields Theorem 4.
o

To discuss the performance on the different norms, we give the
following examples.

CoROLLARY 4. If we apply DMD-RSC to Example 1, we get Regy <
6dG, = 2dEG:  (3dG2+8£R,G;)(1+In T)
— + — + D)
v 14 Y
If we apply DMD-RSC to Example 2, we get Regy <
24EG% | (3dGE+85Gey) (14InT)
v &y
6dGy
If we apply DMD-RSC to Example 3, we get Regr < ot
2dEGY (3dG%+8£R,Gg) (14In T)
=y 2y(1-p)
Remark. With the feedback of gradient information, DMD-RSC
algorithm produces matchable results to those of our FTDL-RSC.
Furthermore, assuming d; = 1,Vt € [T], our findings align with
the regret bound achieved in the non-delayed OMD algorithm [34]
for relative strong convexity.

6dGes
V

+

6 SIMPLIFIED DELAYED MIRROR DESCENT

In this section, the observable feedback reduces to the value infor-
mation of the loss function’s gradient at the corresponding decision
point. In contrast to our proposed delayed mirror descent type al-
gorithms utilizing the feedback of the gradient information, here
we replace the gradient set {V f. : k € F;} with the set of gradients’
values {Vfi(x¢) : k € F;}. Additionally, the regret analysis follows
a similar way as the previous section, and for brevity, we include it
in the appendix.

6.1 Sublinear Regret for General Convexity

We propose a Simplified Delayed Mirror Descent for General Con-
vexity (SDMD-GC) algorithm and outline its process in Algorithm 5.
Similar to Algorithm 3, for each iteration t, we divide the update
process into |#;| segments of approximate solution and utilize a
fixed learning rate.

We establish the following theorem to curve the regret bound.
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Algorithm 5 Simplified Delayed Mirror Descent for General Con-
vexity

Algorithm 6 Simplified Delayed Mirror Descent for Relative
Strongly Convexity

1: Input: both n and x; depend on the choice of example
2. fort=1,...,T do
3 Query Vfi(x;) and receive feedback {Vfi(xy) : k € F;}

4 if |F¢| > 0 then
5: Xt,0 = Xt
6: for k € F; do
7: Make an approximate solution x; ;, +1:
1
(Ve (xie)s xt,ipe41) + ;Bw(xt,ikH;xt,ik)
1
< <V.ﬁ( (Xk), yiik+1> + ;Bl//(yzjk*.] 5 xt,ik) + Pt,igs
where yzik+1 = arg min {(ka (x), x) + %Bw (x; xt,,-k)}
xeX
8: end for
9: Xt+1 = Xt | F |
10: else
11: Xt+1 = Xt
122 endif
13: end for

THEOREM 5. Under Assumptions 1, 2 and 3, let the maximum

approximate error py i, = 5=,k € ¥, t € [T], Algorithm 5 satisfies

ZD"
1(G2T + 8ERG4T + 21G4 T + 4G2 Dt + 81Gx D)
20
20%6G2Dr By (x™;x
Lo &G2 T e 1)‘
o? n

RegT <

Note that the performance delineated in Theorem 5 is affected
by the nature of the regularizer. In light of this, we provide the
following examples.

CoROLLARY 5. Applying SDMD-GC to Example 1 withx; =0 € X,
n= g—zz T+4D givesRegy < GaRyVT + 4D1 +4ERINT+2ER2+ 5 £y

Applylng SDMD-GC to Example 2 with x1 = [ e n] e R} and
n= T2+l4n[;l givesRegp < Goo/2(T +4D7) Inn+4£V2T Inn+

4§lnn + S0 lmn”
Apply SDMD GC to Example 3 withx; = 0 € X andn =

L2 R SRZ
G ‘,T+4D givesRegr < Rqu,/THDT +4£R ‘/ sr

Remark. Despite having access to only the value information of
gradient feedback at corresponding decision points instead of the
full or gradient information of loss functions, we can still attain
results consistent with those of FTDRL-GC and DMD-GC.

6.2 Logarithmic Regret for Relative Strong
Convexity

In the case of relative strong convexity, we introduce an algo-
rithm called Simplified Delayed Mirror Descent for Relative Strong
Convexity (SDMD-RSC) and present its steps in Algorithm 6. Similar
to Algorithm 4, we conduct a single approximate mirror descent op-
eration on the joint sum of gradients in the set {Vfi.(xt) : k € 7¢}.

1: Input: n; = Yt’ make an arbitrary decision x; € X

2: fort=1,...,T do

3 Query Vft(xt) and receive feedback {Vfi (xx) : k € 77}
4 if |Fz| > 0 then

5: Make an approximate solution x;41:

1
< Z ka(xk))xt+1> + —By (xr415 %)
KeFr e

1 *
< < Z ka(xk),y;_l> + —B¢(y[+1;xt) + pt,
keF: e
wherey;, | = argriin {<Zke7—', Vi (xp), x) + %Bl/,(x; xt)}
xe

else

end if

6
7: Xt+1 = Xt
8
9: end for

However, there is a difference with Algorithm 4 in that the de-
creasing learning rate is not related to the amount of information
observed but to the total number of decisions completed. We then
establish following theorem and corollary regarding the regret.

THEOREM 6. Under Assumptions 1,2 and 3, letn; = % and the
Vit € [T], Algorithm 6 satisfies

2dEGy
=

maximum error py = 20,

(3dG2 + 8¢RGx)(1+1nT) 6dG*
2

Regr < 20y oy a?y
COROLLARY 6. Ifwe apply SDMD-RSC to Example 1, we getRegy <
6dG, 201§G2 (3dG3+8£R;G;,) (1+In T)
T 2y
If we apply SDMD-RSC to Example 2, we get Regr <
24EGe, | (3dGL+8Ge) (14InT)
v 2y
If we apply SDMD-RSC to Example 3, we get Regy <
2dEG, (3dG%+8£R,Gg) (14In T)
y*(1-p)? 2y(1-p)
Remark. Considering relative strong convexity, even when only
the values of the loss function’s gradient at certain decision points
are available, SDMD-RSC can achieve comparable results to our
FTDL-RSC and DMD-RSC.

édyCZ;m +

6dGy
Y2 (1-p)

7 CONCLUSION

In the field of online sequential decision-making with unknown
delays, we propose a range of learning algorithms, namely FTDRL,
DMD and SDMD, to handle delayed full function information, full
gradient information and value information of gradient at the deci-
sion point, respectively. Notably, our algorithms only necessitate
an approximate solution for the optimization step and are applied
to several cases, including general convexity and relative strong
convexity, as well as specific examples utilizing different norms.
Our next step is to explore more adaptable algorithms capable of
simultaneously handling multiple types of loss functions.
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Comparison in performance

A NUMERICAL SIMULATIONS

A.1 Complexity

The decision update of DOGD [29] and DOGD-SC [32] is based on the projection to the n-dimensional Euclidean norm. The complexity
incurred by the gradient summation and Euclidean projection is O(nT). The computational complexity of MD-based and FTRL-based
algorithms varies with the problem and regularization term. The role of the approximate solution is to enable our updates to fall within an
acceptable margin of error, thereby reducing overall complexity. The update rules of FTRL-based algorithm seem more computationally
intensive than that MD-based algorithm, requiring optimization at each step. However, applying FTRL-based algorithm to linearized losses
achieves similar bounds with comparable complexity to MD-based algorithms. In Example 1 of MD-based algorithms (i.e., when ¢/(x) = % ||x||§
) our algorithm is equivalent to the classical Euclidean algorithm. In Example 2 of MD-based algorithms (i.e., when ¢(x) = 37, xiInxi+Inn
), the computational complexity is O(nT) and the decision update is as the Exponentiated Gradient approach as

xlexp(-nt Tkes, 9,1;)

1
X =
t+1 N

= xf exp(—1t Zkes, 9@

In Example 3 of MD-based algorithms (i.e., when ¢ (x) = %||x||}27 ), the computational complexity is O(nT) due to the following decision
update (here ‘% + é =1):

. . . p—1 2/ -1 .
o,y = sign (xf) el Bl = e S, o
P i i 19-1 2/q-1
Kt = sigm (Yo " el

A.2 Experimental Settings

We first consider a classification problem defined as follows:

T
min " [log(1 + exp(~ys (x, b))
xeX =
where each entry of the input vector b; is uniformly generated from the interval (-1, 1), and the response is determined by

1
> 0.5;
1+exp (—(x*,bs) + w)
yt = 1

0.5.

1+ exp (—(x*,bs) + w) <

We set [x*]; = 1for 1 < i < | %] and 0 otherwise. The random perturbation ® is drawn from a normal distribution N (0, 1). The sequential
decision x; is obtained by adding noise to the optimization solution x}, specifically x; = x} + p;1, where p; = t% with C > 0.
Next, we consider a linear regression problem:

T
1
i = (yr = (b x))? |
;2151(; [z(yt (b, x)) }
where each component of the input vector b; is uniformly sampled from the interval (-1, 1). And the corresponding response is defined as
ye = (br, x") + ,

where [x*]; = 1for 1 < i < | %] and 0 otherwise. The random perturbation w is drawn from a normal distribution N (0, 1). Similarly, we set
the decision x; by adding noise to the optimization solution xj, that is, x; = x} + p;1. Specifically we make p; = € with C > 0.

We utilize random delays between 1 and d. We conducted regression and classification tasks on synthetic and real-world datasets, applying
results to Example 2 and Example 3. Synthetic datasets have a dimensionality of n = 100, while real-world datasets include “german” and
“triazines” [5].

A.3 Performance comparison with baselines

We first investigate the performance comparison between our proposed approach and relevant methodologies within Example 2 and
Example 3. Setting C = 1 and d = 10, we present the time-averaged regret of our algorithm against the number of iterations. As a baseline, we
include the regret plots of DOGD algorithm [29] and DOGD-SC algorithm [32]. The time average regret (i.e., regret(t)/t) over the iterations
are depicted in Fig 1 and Fig 2, illustrate that the regret comparison in classification task and regression task, respectively. These results
show that our proposed algorithms outperform the baseline methods in both Example 2 and Example 3.
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Figure 2: Comparison with Baselines in Regression Task

A.4 Impact on different delayed periods

Next, we examine the impact of the delayed periods d in the classification task and regression task. We consider four distinct choices for
the delayed period, namely, d = 10, d = 20, d = 50, and d = 100. Fig 3(a) illustrates the final time-averaged regret (i.e., regret(T)/T) across
different settings of the delayed period d for Example 3 in the classification task. Additionally, Fig 3(b) showcases the final time-averaged
regret with different delayed settings for Example 2 in the regression task. Both Fig 3(a) and Fig 3(b) demonstrate that our proposed algorithms
attain superior optimality with smaller delayed period d in both classification task and regression task.

A.5 Impact on different approximate errors

Finally, we examine the impact of the approximate error p; in the classification task and regression task. We vary p; across our simulations
with four different values of C: C = 0, C = 0.1, C = 0.5, and C = 1. Fig 4(a) illustrates the final time-averaged regret (i.e., regret(T)/T)
across different C for Example 3 in the classification task. Additionally, Fig 4(b) showcases the final time-averaged regret with different C
for Example 2 in the regression task. Both Fig 4(a) and Fig 4(b) demonstrate that our proposed algorithms consistently showcase superior
optimality with smaller values of C for both classification task and regression task.
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Figure 4: Impact on Different Approximate Errors

B THEORETICAL PREPARATION

B.1 Proof of Lemma 3

Consider a specific term Zi;}c |Fz| + |5 k| within the sum. This term calculates the count of feedback instances, denoted by =y, that are
withheld while other feedback is applied during iterations k to t > k. Let’s fix two iterations, k and t, and consider an intermediate iteration
redk,....t)h.Ifr<t,wefixse Fr,andif r =t, we fixs € ﬁ’k. The feedback from iteration s is applied during an iteration 7 between k
and t. We divide our analysis into two scenarios: when s < k and when s > k. In the second scenario, s > k, there are at most di. instances
since s must lie between k + 1 and ¢. We can assign the first case to ds. In the first scenario, the feedback from iteration s appears only after k.
We observe that for a fixed s, the number of indices k such that s < k < dg +s < dj + k is at most d. In other words, all instances of the
second case for a fixed s can be attributed to ds. Between the two cases, we have

P (Zmnmu) szt < 2n;.

t=1ke¥F;
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C PROOF OF THEOREM 1
C.1 Proof of Lemma 1

Call back the definition ®;;, (x) = Zé;% 2ser, fs(x) + Zseﬁk fs(x) + fre(x) + %lﬁ(x) and @y (x) = %t#(x).
For the normal term of Eq. (3), we have

T T T
D D Ueeei) = e =D D (@i (xei) = P (xei)] = D) D felx). (23)

=1 ke, =1 ke, =1 ke,
Due to the fact that y., (ie, y;‘. o ‘) is the minimizer of ®7 |#.|_1(x) over x € X, thus

O1 7711 (Yiyy) < Z D flx)+ ¢<x ). (29)
t=1keF,
Combining with Eq. (23) and Eq. (24) gives
T T
3NN i) - AN <D S @i, (xti) = Briet ()] = 1 1 (Yy) + ~ ()
t=1keF; =1 ke, n
T

>k * 1 *
:Z Z [P (Yr ;) = Prir—1(yy ;)] — 177 -1 (Ypyy) + ;l//(x )

ke

~
—_

T
+ Z Z [Drif (x1,ii) = Prip—1(x2,i) = Prig (Yy ;) + Prig—1(yy ;)]

t=1 ke¥F;
T 1
= D @i () = P (47,01 = O 1 () + () (25)
t=1keF; 1
T
+Z Z [fi (xti) = fie(yz )]
t=1 ke¥F;
T

< Z [, (951) — P (W) + = [V(x) ~ Px0)]
t=1 keF; n

+Z 7 Gullxrix — yi, -

t=1kes,
For the first term on the R.H.S of the above formula, we have
Prip (Yri) — Pric (Yr 1) =Pri-1(Yrs) = Prin—1Ys s 00) + fieWr i) = fie(Yrs01)
SOVt W i) Uiy ~ Vi)~ 5 Wi~ Vi I
+ (Vi) Ui, — Yrierr) (26)
<o IV + 507 = Wil = 5o 195 = Uil
n

< G2,
20 ¥

The first inequality is due to the fact that i is o-strongly convex with respect to a norm || - ||. The second inequality is due to the optimality

condition of the update rule (i.e., x* = arg min,¢ x f(x) iff (Vf(x*),y — x*) > 0,Vy € X) and (u,v) < —2 + & forany u,v € X,a > 0.
Considering the last term of Eq. (25) which means the error incurred by the approximate solution, we have

P iy (Xtip41) < Prig (Yo g 41) + Prig- (27)

Meanwhile, we utilize the fact that ®; ;, is %—strongly convex with respect to norm || - || to obtain
2
Diy (xig+1) = i (Y4, 41) 2V (Yp g 1) Xtig+1 — Yy jrn) + 5 2 7 e e - Yripnl

o * 2
25||xt,ik+1 “ Yl

The last inequality is due to the optimality condition.
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2
Consider pyj, = UCES combining with Eq. (27) and Eq. (28) yields

80 °
22 *l< 2npLiy _ NGx
Xtig+1 ~Yp g1l = o 20

Substituting Eq. (26) and Eq. (29) into Eq. (25) yields the result of Lemma 1.

C.2 Proof of Lemma 2

Due to the fact that f; is convex and i is o-strongly convex with respect to norm || - ||, we have
* * s * * o * * 2
Pri (Yz5) = Prir Y ipe1) ZVri (Yp 1) Yt ~ Yrjrt) + %”yt,ik ~Yripnl
g 2
Zﬁlly;ik Yl
The last inequality is due to the fact that y} i,+1 18 the minimizer of @, (x) over x € X.
Meanwhile, the L.H.S of the above formula is upper bounded by
Dr i (y?,ik) = iy (y?,ikﬂ) =Dy -1 (y?,ik) = Qi1 (y?,iku) +fk (y’{ik) - fk(y;ikﬂ)
% * % o % * 2
S<V¢’t,ik—1(yt,ik)a Y1i — yt,ik+1> - % IIyt,ik Yttt I
+Gullyy ;= Yr il
* * o * * 2
SG*Hyt,,—k - yt,ik+1|| - Enymk - yt,ik+1” .
The last inequality is due to the fact that y; i, 18 the minimizer of ®;;, —1(x) over x € X.
Combining Eq. (30) and Eq. (31) gives

% 5 ’IG*
||yt,ik+1 _yt,ik” < o
Then, utilizing the result of Eq. (29), we have
122,541 = Xz, |l Slly?,ik+1 - y?,ikll + %t ip+1 — y}‘,,-kﬂll + ||z, — y?,ikll
2nG
<o
o

C.3 Proof of Corollary 1

(30)

Example 1 of FTDRL-GC. In the Euclidean space, we first preset x; = 0" and make §/(x) = %||x||§ Note that the dual norm of || - || is itself

and By (x;y) = %Hx - y||§, Additionally, we assume that |V f;(x)||2 < G2 and ||x|| < Ry for any x € X, t € [T].
Based on the result of Theorem 1, we can get the following regret
2
1762+ Mprc2 + R
[ o 2n
RZ
=nTG3 + 4pDrG} + ﬁ

RegT <

The last equality is because ¥/(x) = %||x||% is 1-strongly convex with respect to norm || - ||2.

To minimize above, we make 1 = %1 / ﬁ, thus

Regr < GoRov/2T + 8D

Example 2 of FTDRL-GC. In the probabilistic simplex, the convex set X = {x € R} : ||x||; = 1}. We set ¢/(x) = ZZ:I W Inx® +1nn

and the initial decision x; = [%, el rll

Il - |l1. Additionally, we assume that ||V f; (x)]lcc < Geo for any x € X, ¢ € [T].
Considering ¥/(x*) < Inn and ¥/(x;) = 0, we have
4 1
Regy <LTGE + —LDyG2 + —
o o n

|
:r]TGgo + 417DTG§o + 2

The last equality is due to the fact that ¢/(x) is 1-strongly convex with respect to norm || - ||1, i.e., 0 = 1.

=] € R}. The dual norm of || - ||1 is || - [|eo. Note that §/(x) is 1-strongly convex with respect to norm
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To minimize above, we set = GL T}:}uril)r’ then

Regr < 2GwV/(T +4D71) Inn.

1
Example 3 of FTDRL-GC. Consider the regularization function ¢/(x) = %||x||12,, where ||x||, = (ZZ:I |x(”) |P)P and1 < p < 2overX € R™.

We preset x; = 0". The dual norm of || - || is || - ||, where ;l:"'cl] = 1. We assume that ||V f; (x)|lq < G4 and ||x||, < Rp forany x € X,t € [T].
Here the regret bound is

2

R

N2, 41 2 P

R <-TG,+ —D7G, + —

BT =51 T T T g 2n
RZ
=T TG2+—'7DTG2 2
p-1 p- 2n

The last equality is due to the fact that i/(x) is (p — 1)-strongly convex with respect to norm || - ||, i.e., 0 =p - 1.
o R
To minimize the regret, we make 17 = —p1/ 2T}-)+—8 b, > thus

2T + 8DT

Regr < RpGay| =5

D PROOF OF THEOREM 2

D.1 Proof of Lemma 4
In the FTDL-RSC algorithm, the decision is updated by

t
Yy =argming > > filx)

xeX =1 kEf[

and the approximate solution x4 satisfies

t t
Z Z Se(xe1) < Z Z fie(yyer) + pr.

=1ke¥, =1 ke¥;

For convenience, we make F;(x) = 25:1 Zkes, fi(x) and Fo(x) = 0, due to the strong convexity assumption of the loss function, F(x) is
>!_, |Fzly-strongly convex relative to function 1.
For the normal term of Eq. (8), we have

T
DD, filx) —Z D e —Z Fr(xt) = Fio1(x0)] - Pr(x").

=1ker =1 kev; =1
Due to the fact that g}, , is the minimizer of Fr(x), then Fr(y}., ;) < Fr(x"), substituting it into the above formula, we have

T

Z > filxn) —Z D felx™) < D P (xe) = Fee1(x0)] = Fr(yi,,)

t=1 keF; t=1keF; t=1

MH

[Fe(y;) = Fr-1(yp)] = Fr(ypyy)

~
I
—_

T
+ > [Fi(xt) — Fr—1(xs) — Ft (y}) + Fr—1(y)] (32)
=1

T
[Fe(y}) = Fr (g, )] = Fo(yp) + > > Ufi(xe) = fielyp)]

=1 keF,

<

M I

T
[Fe(y}) = Fr (g7, )] + D |F2lGallxe — i .

t=1

~
1l
—
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Considering the optimality condition of the update rule and the relative strong convexity of loss functions, we have

Fe(y}) = Fr(Yi,y) =Fio1(y5) = Fo1(yi) + ) L)) = fi(wihy)]
keF:
t—1
VF1 ()~ Yra) = ) VIFelBy (Y7113 90)

=1

+172Gx - ly; =yl - Y|7:t|Bl//(y;+1;y>;)

¢
<IFH G - ly; — yraall = D IFelBy (y7s15 )
=1
* oy|¥zl .
<IF11Gu - lly; = b4 |l - Z “lly; — yrall?
7=1
|72 1°G%
- Zi-:l 20y|F7| .
The third inequality is due to the fact that By (y;,;y}) = Flly; — yi,, |l if ¢ is o-strongly convex with respect to norm || - ||. The last
2
inequality is because (u,v) < ‘u” % foranyu,o € X,a > 0.
Considering the approx1mate solution gives
Fi(xt11) < Fi(yyq) + pr (34)
Due to F; is 22:1 |Fz|y-strongly convex relative to i/, we obtain
t
Fr(xr41) = Fr(y501) 2(VF (Y} 1), Xea1 — Yjyp) + Z |FzlyBy (x1+15Y741)
=1
(35)
S |Felyo 2
*
ZZ 2 ||xl‘+1 _yt+1”
7=1
The above inequality is due to the optimality condition and ¥ is o-strongly convex with respect to norm || - ||.
Combining with Eq. (34) and Eq. (35) gives
x 2pt
Ixee1 =Yl < | s7— - (36)
TN R I lve

Considering |;| < d,Vt € [T] and substituting Eq. (33) and Eq. (36) into Eq. (32) yields

T T 2
o dIFIGE 2p:
(x1) — (%) < o G [
I ICIEDIPINT S2oylFl T\ 2, Flve

t=1keF; t=1keF;
22
Note that Zt 1 ,‘T'l < 1+InT and make p; = Izﬂl—G* Then we get the result of Lemma 4 by combining Eq. (32) and Eq. (33).
Yomr |F2l 827y | Flyo
T T 2 T 2
d|F: |Gy d|F: |Gy
3% 3 Uit~ < 3 o | ;' Y 2" 2
t=1keF; t=1 0Y| T t=1 0Y| T| (37)
dG?
<—%(1+InT).
ay

D.2 Proof of Lemma 5

Combining with the relative strong convexity and the optimality condition of the update rule, we obtain

t
Foe(}) = Fr(Ypn) 2(VF(W40), 87 = Yian) + ) |F2lyBy (475 94)

=1

t
> > |F2lvBy (43 954) (38)

=1

|Fzlyo *
zz 2 llys -yl

=1
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Meanwhile, we have

Fr(yy) — Fe(yyy) =Fi-1(y;) — Fro1(yy,q) + Z [fie(yp) = fie(ypy)]
keF;

KVE )45 —yiad + ) (VAW 47 —yia)
keF;

t
= > NFelBy (Y8

=1

t
<ITelGully; — gl = D 5 iyl
=1

The first inequality is due to the relative strong convexity of loss functions. The last inequality is derived from the strong convexity of  and
Lipschitz continuity of loss functions.
Combining with Eq. (38) and Eq. (39) gives
lyim —vill < o7 ———-
R N2

Utilizing the result of Eq. (36), we obtain

41 — x| S||y;+1 - y?ll + |41 — y?+1|| + [l - y?ll
3 |F:Gx 1 |F-11Gx

23 |Flye 23 N Flye

D.3 Proof of Corollary 2

Example 1 of FIDL-RSC. In the Euclidean space, we first preset x; = 0" and make /(x) = %||x||§ Note that the dual norm of || - ||2 is
itself and By, (x;y) = %Hx —yl|3. Additionally, we assume that ||V f;(x)|l2 < G for any x € X, t € [T]. Specially, (x) = %||x||g is 1-strongly
convex with respect to norm || - ||z, i.e., 0 = 1.

Thus, we have

2
2

Regr < (1+1InT).

Example 2 of FIDL-RSC. In the probabilistic simplex, the convex set X = {x € R} : ||x||; = 1}. We set y/(x) = ZZ:I *® Inx® +1Inn and

the initial decision x1 = [%, e %] € R}. The dual norm of || - ||1 is || - ||co. Note that y/(x) is 1-strongly convex with respect to norm || - ||,
i.e, o = 1. Additionally, we assume that ||V f;(x)||co < G for any x € X, t € [T].
The regret is bounded by
3dG?
Regr < 2 (1+1InT).
Y
The last inequality is due to the fact that /(x) is 1-strongly convex with respect to norm || - ||, i.e., o0 = 1.

1
Example 3 of FTIDL-RSC. Consider the regularization function (x) = %||x||f,, where ||x||p = (22:1 () |P)p and1 <p <2overX e R™

We preset x; = 0". The dual norm of || - ||, is || - |4, Where ;l:"'cl] = 1. We assume that || Vf; (x)|lq < Gq and ||x||, < Rp forany x € X,t € [T].
The crucial ingredient [30] is the fact that i(x) is (p — 1) strongly convex with respect to norm | - ||y, i.e, 0 = p — 1. Then, we have the
result as follows:

3dG§( .
Regr < —2L (1+InT).
&= Y -1)

The proof of the corollary in the subsequent section is analogous to the process outlined in this section, therefore, we omit the proof of
the subsequent corollary.

E PROOF OF THEOREM 3

E.1 Proof of Lemma 6
The decision y i+1 in DMD-GC algorithm is updated by

. 1
Y; 41 = argmin {(ka(xt,ik),x> + =By (x; xt,ik)} :
xeX n



International World Wide Web Conference, MAY 13 - 17, 2024, SINGAPORE Ping Wu, Heyan Huang, & Zhengyang Liu

According to the optimality condition of the update rule, for any x* € X, we have

<’1ka(xt,ik) + V[k(yzik.p]) - Vl//(xl‘,ik)’x* - y;ik+l> 2 0.
Under Assumptions 1 and 2, rearranging the terms above yields

<ka(x!,ik)s Xt — x*>
<V¢(y;ik+1) - Vlr//(xt,ik)a x* - y;ikH)
n
Vi) X = Xeigr1) + (Ve (i), Xt it =Yg gy 41)
N (Vi (xtip+1) = VP (x1i ), X = Xt541) N VYUY 40) — VY (xrigr1). X" = y) 5 0D
n n
(VY (xtiper1) = VY (i) Xt = Yy g 41
n
UV ficloeri)s X = Xeigr1) + Gullxeiger =Ygy 14l
N (Vi (xrip+1) = V(X2 ), x5 = X1 1) .\ 4ERGx [t +1 = Yy 44
n n ’

S<ka (xt,ik): Xt,ip — y:’ik_,_l) +

+

An interesting and useful identity regarding Bregman divergence, sometimes called three-point identity [10], is
(VY (xt,igs1) = V(10 ), X = Xpigr1) = By (x™5 1,3, ) = By (X" x1,5341) = By (Xt,ig+1: X1.ir)-
For the first term on the RH.S of Eq.(40), we have

(Vi (xt,3, ) %15 — Xtig+1) <Gxllxe iy — x4l

n 2,0 2
S%G* + E”xt,ik — xp i+l
By (xt,ip+1; X1,ir)
slGi st Auiilassbelil I
20 n

The last inequality is due to the regularization function ¢/(-) is o-strongly convex with respect to norm || - ||.
Substituting Eq.(41) into Eq. (40) and summing it over all iterations yields

T T
D0 lrni) = fielx)] < 7 D (Vi) xi = x°)

=1 ke, =1 kes,

MI
Q
* &

T
4¢RG
+ Z Z (T* + G*) ||xt,ik+l - y;ikHH-

The approximate solution xy ;, +1 is given by

1 * 1 *
(Vi) Xt i1 ) + ;B¢(xt,ik+1§xt,ik) < <ka(xt,ik))y[,ik+1> + ;B¢(y[,ik+1;xt,ik) + Ptig-

Meanwhile, we define Ay, (x) = <ka (x4, )s x) + %B‘/, (x; x¢,5,) and Ay j, (x) is %—strongly convex with respect to norm || - ||, that is

o 2
At (xrip+1) = Avip Yp 1) = (VAwip Yp 1) Xtig+1 = Ypjrn) + Eﬂxt,ikﬂ Yl

Combining with the above, we obtain

20ty
-

||xt,ik+1 - y;k’jk+1 ” <

3
By making p;;, = ;7—0 and considering Eq. (42) together gives the result of Lemma 6

(40)

(43)
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E.2 Proof of Lemma 7

Due to the fact that /(x) is o-strongly convex with respect to norm || - ||. Thus
. 2
Blﬁ(y:,ik+l; y?,ik) + B¢(yj,ik ; yt,ik+l) 2 U”y:,ik - y;‘k,ik+1 ” .
Meanwhile, based on the definition of Bregman divergence, the L.H.S of Eq. (44) can be rewritten as
B[//(y:,ik.;.l;yzik) + Bv,b(yiikazikH) = <Vl//(y;,-k) - le(y?,ik+1)’ yiik - y;,ik+1> :

Recall back the optimality condition for the update rule, for any y; i € X, we have

(1 i) + VYW 1) = VI 0. Y~ Y ) 2 O
Rearranging the terms of the above equality yields
<V¢(yzlk) - VI//(y?,ik+l)s yzik - y;k,ik+1>
<V fie(xein) Yri — Yrigrr) + <V‘/’(yy;,ik) = VY (xri ) Yp i — y?,ik+1>
<G + EGxllxrie =y 1D - Nps, = Yriaall-
Considering Eq. (44) and Eq. (45), we obtain

NGx + EGxe||xt,iy — y:,ik I

% *
”yt,ik - yt,ik+1|| < p .

Combining with Eq. (43) gives the the result of Lemma 7.

lxticrr = xeigl <YL s 01 = Yra U+ leeie = yp i I+ i1 — 454l
nGx +21°  n*éGs
< $ 122
o o

F PROOF OF THEOREM 4
F.1 Proof of Lemma 8

Due to the relative strong convexity, for the normal term of Eq. (18), we have

T T
DU DTG = fielx <37 D WV felxe), xe = x°) = yBy (x" 1))

t=1ke¥F; t=1ke¥F;
T T
=3 > (Vfilx)xe = x*) = > |FalyBy (x*s xp).
t=1keF, t=1

At each iteration t, the decision yj, , is updated by

¢ . 1
Yra = argming > (Vfi(xr),x) + — By (x;x,)
xeX ke, N

Due to the optimality condition of the update rule, for any x* € X, we have

Me Y Vi) + VP(yh) - Vi), x" = g7,y ) 2 0.
keF;

Rearranging the terms of Eq. (47) gives
Vi (yy) = VY (). X" —y,0)

D Vilxe)x = x7) < ) (Vfielwe), Xt~ yjo) +

keF: keF; Nt
< Z (Vfie(xr), x¢ — xp41) + Z (Vi (xt), 41 — Yy pp)
keF; keF:

+ <Vlr//(y;<+1) - VW(xt),x* - y:+1>
Nt
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For the last term above, we have

(Vl//(y;l) = Vi (xe), x" — y:+1> = (V‘//(y?ﬂ) - Vi(xr41), X" = y:+1>
+ (VP (xrr1) = Vi (x), x* = xp41)
+ <Vl//(xt+1) = Vi(xr), xp41 — yLl)
< (V‘//(xt+1) - Vi (x), x* - xt+1>
+ 4ERGx | X141 — Y |I-

The last inequality is due to i/ has £G,-Lipschitz gradients.
Applying the three-point identity of Bregman divergence to the above formula gives

D (Vi) xe - x")

keF;
By (x*;x¢) — By (x*; x¢41) — By (X415 X¢)
< 3 (Vi) xe = ) + v v
keF: nt
4ERG
+ (W’HG* + ¢ *) Nxrr1 — gyl
|7:|2G2 § B ( * ) B ( * ) B ( ) (48)
nelJt o X 5 Xt) — X Xt+1) — Xt+1; Xt
<P Ty = P4 - d
20 27]1‘ e
4ERG
+ (|77t|G* + ¢ *) s =yl
<f7t|7"t|2Gi . By (x*;2) — By (x*; x¢41) 4ERG

+ (|7'_t|G*+
20 Nt

* *
) axrer — y,+1||.

22
The second inequality is due to Y e, (Vfi(xt), Xt — xp41) < |Fe|Gullxr — xp41]l < % + Z%t llxs — x¢41]|. The last inequality is due
to By (xr+15%1) 2 §llxe — xpaa|%.

Now we discuss the error incurred by the approximate solution, given by

1 * 1 *
E (Vfi(xt), xt41) + —B¢(Xt+1;xt) < E (ka(xt),ym) + _B]r//(yt.'.l;xt) + pt.
keF: ’“ KeF Nt

t t

Meanwhile, we make By (x) = Ye, (Vfi(xt), x) + %Bl/, (x; x;) and note that B; is ,%-strongly with respect to norm || - ||, that is
* >k * o *
B (xt41) = Be (yy41) 2(VBr (Y1) Xte1 — Yipg) + 2—m||xt+1 “ Y 12

g © 2
2zl =y Il
20t t+1

The last inequality is due to the optimality condition.

3
By combining above results with p; = '7 , we obtain

2
[2nepr My
lxer1 = yiqll < Y T o

%ﬂ/’ summing Eq. (48) over all iterations and substituting it into Eq. (46), we have

Z D7 flen) = fila)]

Note that n; =

t=1ke¥F;
T 22 T
mITtI Gy 1 4ERGx(1+1InT) 2dG
< I3 (o =17y By i) = by )|+ R B
=1 =1 L\ oY oy

(49)

g i d|F1|G2 i
20y 20y XE_ |l =
B (dGi +8ERGx)(1+InT)  2dGy4
+ .

- 20y ay?

-1
4ERG4(1+1nT)  2dGy
Z |FelyBy (x*;x¢) = Z |FzlyBy (x* xt+l)} or + o7
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F.2 Proof of Lemma 9

Due to the fact that /(-) is o-strongly convex with respect to norm || - ||, we have
By (47,:97) + By (yisy74) = olly; = y7all” (50)
Meanwhile, the upper bound of the L.H.S of Eq. (50) can be rewritten as
By (y.1:97) + By (Y7 y741) = (VYY) = VI (Y1) Y7 — Yrar)-
Due to the optimality condition of the update rule, for any y; € X, we have
Me Y V) + VYY) - V(). 45 —yih ) 2 0.
KeF;

Rearranging the terms gives
(Vi (yy) = VYY) Ui — yirn)

< 3 (Ve yh = i) + (V9D = Vo). y) — 97 51)
keF;

(el F2|Gx + EGxllxe = yi 1) - lly; — yppqll-

Combining with Eq. (50) and Eq. (51) gives

Nt|F1|Gx + EGxllxr -yl

o

Y241 = yell <
Then we get the result of Lemma 9 as follows.

locr41 — x| S||y;+1 - y?ll +[lxg41 — y?+1|| + || - y;‘ll

< ’7t|7:t|G* + 7]12‘ + ’7?_1 + ”?_1§G*
= 2 .

(e (o

G PROOF OF THEOREM 5

When the received feedback is the value of the loss function’s gradient in the corresponding decision point. In the case of general convexity,
the regret format is

Regr = th(xt) fix)]
t=1

T

=0 i) - filx)]
7_'

t=1k

3 52)
SZ Z (Vfie(xg), xp — x*)
t=1keF,;
T T
=30 D Vi) xti = X+ D (Vfieler), %k = X))
t=1keF; t=1kes;
normal term delayed term
We first analyze the normal term of Eq. (52).
LEMMA 10. The normal term of Eq. (52) is bounded by
T 2 5,
. nT(G% + 8ERGy +2nGy) B (x*;x1)
DSV filox) xap — x*y < T v . (53)

t=1 ke¥F; 20 U
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Next, we discuss the delayed term of Eq. (52).

T
DD Vel Xk = xie)

t=1keF;
T
<> Gallxeiy = xl
t=1keF;
T t—1
<TG D D Iniet = xill+ D lxeien = x|
t=1ke¥F; =k s€F, s€EFrk

From the above formula, the crucial key impacting the bound of the delayed term is the gap between x; ;. and x;; 41.

LEMMA 11. Foreacht € [T], k € Fz, our SDMD-GC algorithm ensures that

nGx +2n*  nEGy
+ R

Xti+1 — Xt || <
” tir+1 t,lk” o o

Substituting Eq. (55) into Eq. (54) gives

7Gx + 212 ryng*)
+ .
= 2

T
X 3 (Vs 1) < 201G

t=1keF;
Combining with Eq. (53) and Eq. (56), we get the result of Theorem 5.

[ox

G.1 Proof of Lemma 10

Note that at each iteration ¢, the decision yj i1 1S updated by

. 1
y:,ik+1 = arg min {(ka(xk), x) + =By (x; xt,ik)} .
xeX n
From the optimality condition for the update of SDMD-GC, for any x* € X, we have

(19 e + V(W j0) = T 0,37 = Y 0) 2 0.
Rearranging the terms above yields
(Vfie (%), X1, = x7)

VY (Ys 1) = VY o) X" =4y 5 )

n
Ve (xp), Xt = Xeig+1) + Gallxtiger = Yy il

) = W) )
n

Vi), Xt = Yy jyan) +

For the last term above, we have
(VY a) = VI i) %" = Y a) =V (ria1) = Vi), X" = Xeiat)
VYY) = Y Frier) X = g 0)
+ (VP (i) = VY (Xt ), Xtipst = Y g e1)
VY (xtip41) = VP (x5 ), X5 = Xp541)
+ 4&RGx||xt i +1 — y?,ik+1 II.
The three-point identity regarding Bregman divergence is
(V¥ (xtigr1) = VI (xri) x° = Xpigr1) = By (x5 31,5,.) = By (%3 X1,5341) — By (Xt,ip415 X )-
Applying the three-point identity to Eq.(57) gives
(Vi) xe i = x7) <AV fie (), Xy, = Xeie1) + Gullxniper — 4y g4l
. By (x*;x15,) = By (X Xt i +1) — By (%,ip415 X2t )
n
4ERGel|xt if+1 — y;ikﬂ I
n

+
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For the first term on the RH.S of Eq.(58), we have
(Vi (), xiy. = Xiger1) SGullxr iy = xt il
N 2,0 2
<—Gy + —||x¢i, — xzi .
2% * 2’7 ” (473 L+l ”
Additionally, we assume the regularization function ¥/(-) is o-strongly convex with respect to norm || - ||. Then we get

g 2
By (Xt i+15X,i) 2 E”xt,ik = xt i1l

Substituting Eq.(59) and Eq.(60) into Eq. (58) and summing it over all iterations yields

T T *, _ *,
3 S o -2 <> Y %Gi+ By (x*;x1) = By (x*; x741)

t=1keF; t=1ke¥F; U
T
4ERGy "
+ Z Z (T + G*) ||xt,ik+1 - yt,,-kﬂll
t=1keF;
By (x*;x1)
SlTGi i Aildid
20
T
4ERGy
+ Z Z (T + G*) Iz 41 — y}‘,ikﬂll-
t=1keF;

The last inequality above is due to By (x™;x741) 2 0 for any convex regularization function .
Call back the approximate solution of x; j; +1, that is

1 1
(Vi) Xrig+1) + EBlp(xt,ikH;xt,ik) < <Vﬁ<(xk),yz,ik+1> + EBl/,(yzikﬂ;xt,ik) + Pty -
We make Cy j, (x) = (Vfi(xg), x) + %Bl/,(x; xt,i, ). Utilizing its strong convexity, we have

g 2
Crix (xt,i541) = Crig (Y 4 41) 2(VCri (Y 41)s Xt i1 = Ypjpp0) + Ellxt,ikﬂ Yl

o

* 2
zﬁllxmkﬂ - yt,,-kﬂll .

Considering the above together, we obtain

2npei
* sl
||xt,ik+1 - yt’ik+1 ” < = .

3
Substituting Eq. (62) into Eq. (61) and making p; ;, = g—a gives the result of Lemma 10.

G.2 Proof of Lemma 11

Due to the fact that /() is o-strongly convex with respect to norm || - ||. Thus
* * 2

By Yz ie13Yri) + By Wei iUt ien) 2 0llys, = ypsall™

Meanwhile, based on the definition of Bregman divergence, the L.H.S of Eq. (63) can be rewritten as
B¢ (y::,ik+1;y;,ik) + Bw(yzik ; y::,ik+1) = <v¢(y;‘,lk) - le(y;k,ik+l)’ yzik - y;k,ik+l> .

Recall back the optimality condition for the update rule, for any y; i € X we have

(79 o) + VU] 1) = T9 o), ~ Vi) 2 0
Rearranging the terms of the above equality yields

<Vlr//(y;zk) - Vw(yzik+1)) y?,ik - y:,ik+1> S<’7Vﬁ< (xk)’ yzik - y:,ik+1>

+ <V‘ﬁ(y?,ik) = VY)Y, ~ y:"'k+1>
SUG*“yzik - y;ik“'l I

+ EGullxtip, — y?,ikll : IIyZik - y:,ik+1”'

(59)

(60)
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Considering Eq. (63) and Eq. (64), we obtain

N B NGy + EGy||xt i, — y’;’,-k Il
1Yz = Yripall < = :

Combining with Eq. (62) gives
122,541 — Xz, |l Slly?,ikﬂ - y}“,ikll + %z ip+1 — y}‘,ikﬂll + ||z, — y}‘,ikll

2 2
S’]G*+2’7 +r]§G*'
o o?

H PROOF OF THEOREM 6

In the case of relative strong convexity, the regret format is

T
Regy = Z[ft(xo - fi=")]

< Z Z (Vfir(xp), xp —x y — ZYBX//(-’C 5 Xt)

t=1ke¥F;
T
=0 D (el xe = x7) - ZyBlux xt>+ZZ<ka<xk> X —xi).
t=1ke¥F; t=1keF,
normal term delayed term

The bound of the normal term in Eq. (65) is as follows.

LEMMA 12. The normal term of Eq. (65) is bounded by

2
Z Z (Vilxr), x —x*) — Zi’Bt//(x ixp) < 2dGy (dG* + RGN (1 HHT).
O'Y

=i 20y

Next, we discuss the delayed term of Eq. (65).

T T
D0 el x = xe) <0 > IV fiel) s - Nl = el

t=1keF; t=1ke¥;
T k+di—1
Z Ge Y llxess —xcll
keF; =k
T

<dGy ) lxt+1 — x|l
=1

The key is the difference between x; and x741.
LEMMA 13. For eacht € [T], our SDMD-RSC algorithm ensures that
Nt F2|Gx + % + 0?2, .\ n?_ EGx

c o?

lxcr41 — x| <

Note that we make ro = 1. Considering n; = t and substituting Eq. (68) into Eq. (67) gives

dG2(1+InT) 4dG, 2d&G
Z D Vil xi = xe) < <! L 7 f 7
e oy oy oy

Combining with Eq. (66) and Eq. (69), we get the result of Theorem 6.

H.1 Proof of Lemma 12
At each iteration t, the decision y, ; is updated by

yt+1 = arg min Z (Vfr(xp), x) + —Bl/,(x Xt)
x€X ke

(67)
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From the optimality condition for the update rule, for any x* € X, we have

Me Y Vo) + V() - V(e x° —ypy, ) 2 0.
keF;

Rearranging the terms above yields

(Vi) = Vo0, x" —y7y)

D (Vi) ke =x")y < 3 (Vi) e — gy ) +

ke keF: Nt
< > AV Sielxi)s %t = xt41) + [ TG - lxe41 = Yo
keF:
L () - Ve~ y)
ne '

For the last term above, we have
(Vi) = VW (x0.x" —yi) < (VWyp) = VY (eer) x" = yi,)
+ (V(xre1) = V(). X = x141)
+ (VY (xee1) = Vi (x0), X101 = Y4y
<(V(xre1) = V(). X = x41)
+4ERGy|lxs41 — Yyl
Applying the three-point identity of Bregman divergence gives
(V¥ (1) = VI (x0), X001 = Yy ) < By (x"531) = By (x™3 x141) — By (xr41: X1).
For the first term on the RH.S of Eq. (70), we have
kz¢ (Vi xe = 1) < |7ilGule = el < 31T G + 5l = x|
€F:

Additionally, we assume the regularization function ¥/(-) is o-strongly convex with respect to norm || - ||. Then we have
o
By (x5 xe) 2 S llxe = x|

Combining with Eq. (70), Eq. (71) and Eq. (72) yields

T . . * *
By (x*;x;) — By (x*; x441)

Z Z <ka(xk),xt—x*> Szﬂl(’lﬂzGi"’Z 4 %
) =i 2 = nt
hken =1 =1

T

4ERG
+Z (l(ﬁ'G* + m l//) llxee1 = ypoqll-
t=1

Subtracting ZzT=1 yBy (x*;x;) from Eq. (73) and substituting n; = #, we obtain

T T
Z Z (Vi Geg), e = x7) = Z YBy (x*;x¢)
=

t=1keF;

oG« . )
SZ +Z [(t = DyBy (x";x:) = tyBy (x"; x141) ]

1
T
4¢RG N
+ Z (|7:t|G* + fm *) [ETRSR T |

t
T 2 T
d|F71G2 ( 4RGy
<) —=F——+ | 721G + llxr+1 — Yyl
Z‘ 20y YL, |F7l ; Nt t+

dGZ(1+InT) &
s—*( i )+Z
20y

—_

4ERGy

(|7:t|G*+ ) 2241 —y§+1ll.

t=1

(72)

(73)
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Consider the approximate solution of x;41, we have
1 1
DAV fielxi) xea1) + — By (xrsrsxe) < D (Vi) gy ) + — By (Ygyp %) + pr.
ke It ket e
We make D¢ (x) = Yge, (Vfilxi), x) + ”%B¢,(x; x;). It is fact that Dy is ,%-strongly convex with respect to norm || - ||, then

* * >k G. *
Dy (xt+1) = D (y;41) 2(VDt(Ysp1)s Xt41 = Yypq) + 2—m||xt+1 gyl

o 2
> —|lxr41 — Yy 1%
2n: r+1

2
* |2 n
lxz+1 — Yyl < —U;pt = ;t. (75)

Substituting Eq. (75) into Eq. (74), we obtain the result of Lemma 12.

3
Combining above and p; = ;7—(’7 gives

H.2 Proof of Lemma 13
Due to the fact that /(-) is o-strongly convex with respect to norm || - ||. Thus
By (y11:97) + By (Y73 974y) = olly; -y > (76)
Meanwhile, based on the definition of Bregman divergence, the L.H.S of Eq. (76) can be rewritten as
Bl,//(y;l; y?) + Bl//(y;;y:+1) = <V‘//(y:) - V‘//(y;+1)= y? - y;+1> :

Recall back the optimality condition for the update rule, for any y; we have

ne ) Vi) + Vi) - V(). y; —yiy ) 2 0.
keF:

Rearranging the terms of the above equality yields
(VWD) = VYY) Ui~ Yiin) <0t Z (Vfie(xi). Y5 = Ypip)
keF;
+(VY(y;) = VY (x0). Y — Yp) (77)
<nelFelGxlly; - yt+1||
+ EGyllxr — i1l - llyy - y;(+1||-
Considering Eq. (76) and Eq. (77) gives
Ne|Ft1Gx + EGoellxr — y}k”
o

ly; —yill <
Then combining with Eq. (75), we have the result of Lemma 13
lxesr = xell <Ny =yl + lxeer = gy Il + e — gzl

_elFelCx +n2+n?_ . n?_,EGx
< .

(o2 g
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